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Abstract 
Composite materials where magnetic micrometer-sized particles are embedded into a compliant 
polymer matrix are known as magnetorheological or magnetoactive elastomers (MAEs). They 
are distinguished by huge variations of their physical properties in a magnetic field, which is 
commonly attributed to the restructuring of the filler. The process of the magnetic-field-induced 
restructuring in a magnetorheological elastomer is interpreted as progression towards 
percolation. Such a physical model was previously used to explain the dependence of the 
magnetic permeability and dielectric permittivity of MAEs on the magnetic field strength. Based 
on this hypothesis, the magnetorheological effect in MAEs is considered theoretically.  The 
theoretical approach is built upon a self-consistent effective-medium theory for the elastic 
properties, extended to the variable (field dependent) percolation threshold. The proposed model 
allows one to describe the large variations (over several orders of magnitude) of the effective 
elastic moduli of these composite materials, known as the giant magnetorheological (MR) and 
field-stiffening effects. An existence of a giant magnetic Poisson effect is predicted. The relation 
of the proposed model to the existing theories of the MR effect in MAEs is discussed. The results 
can be useful for applications of MAEs in magnetic-field controlled vibration dampers and 
isolators. 
Keywords: magnetorheological effect; magnetoactive elastomer; effective medium theory; shear 
modulus; Poisson’s ratio; random heterogeneous medium. 
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1. Introduction 
      Magnetoactive elastomers (MAEs) are a class of composite materials where significant 
changes of physical properties are observed in moderate (several hundred mT) dc magnetic fields 
[1-9]. The most prominent phenomenon is the magnetorheological (MR) or field-stiffening 
effect, when the elastic moduli of these materials grow over several (up to four) orders of 
magnitude, respectively. In this context, these materials are often referred to as 
magnetorheological elastomers. MAEs consist of rigid, ferromagnetic magnetic particles (usually 
of a spherical shape) dispersed in a compliant (soft) polymer matrix. It is essential that the elastic 
moduli of the inclusions (e.g. iron, shear modulus GFe ~ 10
11 Pa) are many orders of magnitude 
larger than those of the matrix (e.g. polydimethylsiloxane (PDMS) GPDMS ~ 10
3 – 105 Pa).   
Large theoretical efforts have been made for explaining the giant [10] (or even colossal [11]) 
MR effect in MAEs [12,13]. The general approaches can be roughly divided into two different 
groups: i) the cause is in the interaction between induced magnetic moments between the 
particles [14] (here the simplest model is a system of point dipoles connected by elastic springs 
[15]); ii) the cause is the rotation of individual particles [16-19]. Although these mechanisms are 
undoubtedly contribute to the MR effect in MAEs, the existing approaches are not satisfactory 
when it comes to the description of the MR effect over several (say, three) orders of magnitude. 
As an example, a 20-fold field-induced increase of the moduli has been calculated in [20]. 
Hitherto, the existing theoretical approaches concentrate on the magnetic interactions between 
the inclusions and the self-interaction of a magnetized particle with a magnetic field and largely 
disregard the effect of the change in the composite’s microstructure (i.e. mutual arrangement of 
filler particles) on its elastic properties. However, it has to be expected that the change in the 
microstructure should alter the effective elastic properties of a composite material. For example, 
in [21], a one-dimensional model for ferrogels was considered, where “hardened” states with 
touching particles and therefore diverging compressive elastic modulus were found. 
The purpose of this paper is to propose a complementary physical model based on the idea 
that the restructuring (RS) of the filler [22-24] means the progression towards the percolation 
structure. Figure 1 illustrates the proposed physical picture [25].  
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 When a magnetic field (designated by an arrow) is applied to the composite, a significant 
part of the magnetic flux passes through the pre-cluster (shaded region). In Figure 1, only a small 
part of the structure of the cluster is drawn, which in fact does not represent a column, but a 
complex winding line (cf. Figure 5.5 on page 97 of [26]).   
The ferromagnetic particles in a vicinity of the pre-cluster are “sucked” towards pre-cluster 
by magnetic forces. A visual representation of such an effect, obtained by means of X-ray 
tomography, was presented in [27]. In [28], a virtual touching and detachment of rigid inclusions 
in a soft elastic matrix by employment and elimination of a magnetic field was observed. This 
can be considered as an elementary step towards the build-up (or the destruction) of an infinite 
cluster in magnetic field (or its removal). 
 
Figure 1. Artist’s impression of the restructuring in an applied magnetic field. 
Such a reconfiguration of the microstructure is quantitatively characterized by the difference 
between the total particle concentration p and the field-dependent percolation threshold (PT) pc. 
Although we do not use the methods of percolation theory [29,30], the modified effective 
medium theory (EMT [31]) comprehends the existence of the PT (i.e. a particular concentration 
where there is a steep rise of elastic moduli) and its dependence of an external magnetic field. 
Given that the concept of progression towards percolation [25] successfully described the 
magnetodielectric effect and the non-monotonic dependence of the effective magnetic 
permeability on an external magnetic field in MAEs, it can be expected that the same mechanism 
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is significant for the elastic and other magnetic-field-dependent physical properties of MAEs. It 
will be shown below that our model is capable of predicting the correct order of magnitude of the 
MR effect, while keeping the qualitative behavior (increase of elastic moduli with increasing 
magnetic field) unaltered. As a mathematical instrument, we will employ the self-consistent 
EMT for the elastic properties, modified in such a way that a steep change in an elastic modulus 
occurs at a given concentration of rigid inclusions. We utilize the previously introduced concept 
of the moveable (field dependent) PT [25] and use the empirical dependence of the PT on a 
magnetic field found in [32].  
Recall that in analogy to MR fluids, MR effect in MAEs is often ascribed to the formation of 
chainlike aggregates along the magnetic field lines. This simplified physical picture for high 
concentrations of magnetic particles was recently questioned by Romeis et al. [33], whose 
numerical simulations showed that development of elongated structures becomes impossible due 
to purely geometrical constraints. The proposed physical mechanism of the MR effect in highly 
filled MAEs would be indirectly supported by these calculations: small movements of 
magnetized particles within a MAE specimen may result in drastic changes of its 
magnetorheological properties. 
The paper is organized as follows: In the next Section the two-phase composite material of 
interest is described and a modified self-consistent EMT for the elastic properties of two-phase 
composite materials, with the included concept of a moveable percolation threshold [34], is 
presented. The results of calculations are described in Section 3 and discussed in Section 4. 
Conclusions are drawn in the final section.  
2. Materials and Methods. 
In the following, we consider random heterogeneous two-phase composites. The self-
consistent EMT approximation considers inclusions of the spherical shape embedded into a 
fictitious homogeneous medium with the effective elastic properties searched. The concentration 
of the first phase is p, the concentration of the second phase is (1 - p). The mechanical properties 
of both phases and the effective medium are isotropic.  
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e e,G   denote the effective shear modulus and the Poisson’s ratio, respectively, while 
1 2 1 2, , ,G G    are the values of these moduli in the first and second phases.   
To be specific, we assume iron (
1 180.7GPa, 0.3G   ) as a ferromagnetic filler (first 
phase) embedded in a soft polydimethylsiloxane matrix (second phase; 
2 27.43kPa, 0.49G   ). With these materials, the volume concentration 0.23p  corresponds 
to the typical concentration of iron particles of about 70 mass%. The calculated effective shear 
modulus at 0.23p  in the absence of a magnetic field is e(0) 40kPaG   [35]. The material is 
isotropic (unstructured) in the absence of a magnetic field.  
The system of equations of the classical self-consistent EMT [36,37] can be written in the 
following form: 
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Very recently, it was proposed to modify the equations of EMT for the elasticity problem in 
the following way [34]: 
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Similar modification was established for galvanomagnetic phenomena in [38].   
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The term 
c( , )s p p  is 
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It allows one to set the PT of the first phase 
cp  to cp .  
     In [30], the following empirical relationship was proposed: 
                                                                    cc c 0 Hp p e


H
H ,                      (5) 
where H is the magnetic field inside the composite material, Hc is the characteristic magnetic 
field strength, ... 1/ ...V dV  , V is the averaging volume, wherein the characteristic 
dimensions of the averaging region should be much larger than the correlation length. In the 
following, we denote H  as H. The order of magnitude of Hc was found to be 10
5 – 106 A/m 
[25,32]. To the best of our knowledge, the hypothesis of the field dependence of the percolation 
threshold, for the case of magnetorheological fluids, was introduced in [39]. The physical 
meaning of the critical magnetic field 
cH is being a characteristic magnetic field at which the 
significant RS of the filler takes place. If the polymer matrix is so stiff, that the RS may not 
occur, the critical field should theoretically tend to infinity 
cH  . It has to be expected that at 
the same filler concentration the critical field is smaller for a softer elastomer matrix.  
In [32], equation (5) was used in the percolation formula  e c c,G p p p p

  . However, 
percolation formulas work only in the very narrow region (critical region) in a vicinity of the PT. 
In [25], a modified EMT allowed one to consider the entire concentration range up to the PT and 
provided a good agreement with measurements of dielectric and magnetic properties of MAEs. 
The concept of a moveable percolation threshold has been extended to the elastic properties of 
composite materials in [34], where it was shown that this approach is capable of explaining 
several known experimental results.  
The system of transcendental equations (1) is solved numerically, for given values of 
parameters p, H,  c 0p , 1 2 1 2, , ,G G    and Hc.  
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3. Results 
Figure 2 shows the dependence of the field-dependent PT  cp H on the magnetic-field 
strength H  for a number of various values of the critical field cH . The dashed horizontal line 
designates the value p = 0.23 while  c 0 1 3p  . A particular value of the critical magnetic field, 
c 620kA mH  , corresponds to the value obtained in [25], where it has been used to describe 
the magnetic properties of an MAE sample with 0.23p  and the shear modulus in the absence of 
a field e(0) 40kPaG  (reported for this material in [35]) and provided good agreement between 
theory and experiment. The  c 0p value of 1/3 is also selected according to the comparison 
between theoretical and experimental results in [25].   
In the region  cp p H , the model (1) – (5) describes a composite material with inclusions 
of the phase 1 embedded into a matrix (phase 2). Above the PT, the equations describe 
inclusions of the second phase in the first phase, which does not correspond to the MAE 
structure, although the calculation results can be qualitatively correct. In the following, the 
solutions above the PT are shown by dashed lines. Vertical dashed lines in Figure 2 indicate the 
maximum value of the magnetic field 
maxH , where the solution of (4) correspond to the 
microstructure of interest. It can be easily obtained that  max c cln( 0 )H H H p p  .     
 
 
Figure 2. Field dependence of the percolation threshold for different critical magnetic fields Hc. 
The horizontal dashed line corresponds to p = 0.23. 
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    The impact of the field-dependent behaviour of the PT is presented in Figure 3. At a given 
filler concentration p, the effective shear modulus grows with the increasing magnetic field (Fig. 
3 a). Figure 3 b demonstrates that the growth of the effective shear modulus upon nearing 
towards PT increases with increasing magnetic field. Follow the positions of dots corresponding 
to the shear modulus at the concentration value p = 0.23.  
 
 
 
           
 
 
 
Figure 3. (a) The calculated concentration dependences of the effective shear modulus for 
different applied fields. The vertical dashed line designates p = 0.23. The dots denote the value 
of the shear modulus at p = 0.23. (b) The concentration dependences below the field-dependent 
percolation threshold  cp H , presented versus the “concentration distance” to the percolation 
threshold,  cp p H . The dots denote the value of the shear modulus at p = 0.23.  
    Figure 4 depicts the calculated field dependences of the effective shear modulus and the 
corresponding MR effect defined as 
                                                e e
e
( ) ( 0)
( )
( 0)
G H G H
MRE H
G H
 


 .                                                  (6) 
 
 
 
  
9 
 
 
 
 
 
 
 
Figure 4. Field dependences of the effective shear modulus (a) and the magnetorheological 
effect (b) for different concentrations of the filler material. 
It is observed that both the effective shear modulus and the MR effect grows with an increasing 
magnetic field and tends to saturate in large magnetic fields. The magnitude of MR effect is 
bigger for the larger concentration of inclusions. Within the applicability region of the model 
with respect to the microstructure of the material, the effect reaches the order of magnitude of 
103.  
4. Discussion 
The results presented in Figure 4 demonstrate that the MR effect can reach very large values 
due to changes in the composite’s microstructure, caused by magnetic forces.  
Moreover, the model predicts a giant variation of the Poisson’s ratio with the applied 
magnetic field (Figure 5). We take courage to name this phenomenon – the magnetic Poisson 
effect (MPE) and embolden experimentalists to verify our prediction. It is quantified as                    
                                                     e e
e
( ) ( 0)
( )
( 0)
H H
MPE H
H
 

 


.                                               (7) 
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Figure 5. Field dependence of the Poisson’s ratio (a) and the resulting magnetic Poisson effect 
(b) for different concentrations of the filler material.  
    In the framework of the EMT, the effective elastic modulus of a random heterogeneous 
material can not be smaller than 
1G and larger than 2G . The effective Poisson’s ratio e  behaves 
in a more peculiar way. In general, it is not limited between 
1 and 2  [40].  For a large 
inhomogeneity (as in the case of interest), it reaches at the percolation threshold the value close 
to 1/5, which is smaller than both 
1 and 2 in our case [34]. The particular value of the Poisson’s 
ratio * 1 5   was discussed in [41]. In this sense, the predicted change in an effective Poisson’s 
ratio can be considered more significant than the progression of 
eG towards 1G and, therefore, 
qualified as a “giant” effect.  An experimental search for the change of an effective Poisson’s 
ratio in magnetic fields can be considered as a way to verification of the proposed mechanism of 
the MRE. 
    It is worth noting that, for a given critical magnetic field Hc the field dependence of the 
effective shear modulus can be reduced approximately to a single “master curve”.  This is 
demonstrated in Figure 6 a, where the effective shear modulus for four different filler 
concentrations p = 0.20, 0.23, 0.25, 0.27 is presented as a function of the “field distance” to the 
PT, 
maxH H . These three curves are indistinguishable on the scale of Fig. 6 a. A closer look at 
the field dependence (Figure 6 b) reveals that some difference is, however, present. At 
percolation threshold (
maxH H ), the value of eG  3.7·10
7 Pa is reached. In zero magnetic 
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field, at a given filler concentration, the composite material has a specific shear modulus, which 
grows with the increasing concentration p. This is the other limiting point in Figure 6, where 
each curve ends. 
 
 
 
 
 
 
 
Figure 6. Normalized-field dependence of the effective shear modulus on the large scale of field 
variation (a) and on the small scale of field variation (b). 
 
    We excluded other possible mechanisms (magnetic forces between magnetized particles, 
rotations of particles due to an applied magnetic field) from our consideration. The calculated 
effect is solely due to RS of the filler. The order of magnitude of the colossal MR effect in ultra-
soft MAEs can be explained. In [11], the maximum MR effect was observed for the MAE 
material with p  0.26 (75 mass% of iron) and e (0)G  273 Pa. Such a value of the effective 
shear modulus e (0)G  is theoretically achieved with c (0) 1 3p  and 2G ≈ 25.5 Pa, which was 
reported in [11] as the lowest obtained shear modulus of the polymer matrix. Substituting these 
material parameters in equations (1)-(5), we obtain for the parameter MRE close to the 
percolation threshold maxH H the following value: MRE ≈ 
40.8 10 , which describes the 
order of magnitude (~ 104) of the measured MRE well. 
 
    Figure 4 predicts that the maximum achievable value of the shear modulus (where the 
composite morphology correspond to that of an original material – inclusions of the first phase 
embedded into the matrix of the second phase) should be of the order of magnitude of several 
tens of MPa. Conventional models based on the concept of magnetic interactions between 
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particles in chain-like structures estimate the maximum value of the magnetic-field induced shear 
modulus of about 0.5 MPa [23,42].  In experiments (see e.g. [11]), the maximum shear modulus 
of several MPa can be observed and the value of about ten MPa is predicted at magnetic 
saturation by extrapolation of experimental results. Our theory seems to be closer to the real 
maximum values than previously proposed approaches. In the framework of the EMT theory, it 
should be possible to reach the magnitude of the magnetic-field-induced shear modulus 
comparable with the elastic modulus of iron, which is significantly larger (~ 100 GPa). Why is 
such a magnitude of the shear modulus not observable in experiment? This is explained by the 
fact that above the percolation threshold, the self-consistent EMT cannot describe inclusions of 
the first phase embedded into the second phase. In EMT, the self-consistency of fields is 
considered: The mechanical stress in the isolated inclusion of the first phase in the effective 
medium and stress in the isolated inclusion of the second phase in the effective medium 
compensate each other and result in a stress of the effective medium. This means that at small 
concentrations, such an approximation gives a description of the inclusions of the first phase in 
the matrix of the second phase. At large concentrations, it describes the effective properties of 
the inclusions of the second phase in the matrix of the first phase. At the same time, owing to 
fabrication technology, our composite material at any concentration represents spherical 
inclusions of the first phase (iron) in the continuous second phase (polymer matrix) and never 
can be described as discrete inclusions of the second phase in the continuous first phase, i.e. 
spherical polymer particles in the iron matrix.  In general, in composites fabricated using other 
technologies and compositions, the morphology could be different. 
 
    Why is the observed maximal value of the magnetic-field induced shear modulus typically few 
times less than the value predicted by the EMT just below the percolation threshold? We see one 
reason in the inaccuracy of the EMT approximation. In the EMT or the percolation theory for 
electro-conductive (or dielectric) properties, the touching of well conductive particles in a badly 
conductive means formation of the well conductive path. In real situation, when measuring the 
shear modulus of a composite material, the particles do not form a rigid mechanical bond to each 
other (they can slip relative to each other). This would result into a reduction of an effective 
shear modulus.  
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    Figure 4 also shows that large changes in the effective shear modulus due to RS of the filler 
occur only in the vicinity of the percolation threshold  cp H , i.e. when maxH H .  If      
maxH H , these changes are moderate (MRE   10
2). In the proposed EMT, the effective shear 
modulus 
eG is a concave function of the magnetic field H (typical sigmoid curves are observed 
on the logarithmic scale in Figure 4), where a steep rise of 
eG occurs when maxH H . In 
experiments, the situation is somewhat different. Usually, the field dependence of 
eG is concave 
only for small magnetic fields 0H  , then, after an inflection point, the function 
e( )G H becomes 
convex, showing the tendency to saturation  sate elim ( )
H
G H G

 . The complete saturation of 
e( )G H is usually not observable in experiments due to the large demagnetizing factor of thin 
samples. In terms of the external magnetic flux density, such a dependence of the change in the 
shear storage modulus has been empirically expressed by Zrínyi et al. [43] as 
 
2
sat
e e 2 2
B
B
G G
a B
  

.                                                     (8) 
Typically Ba 0.3 T [11], which corresponds to the magnetic field strength of approximately 
52.4 10 A/m in the air. It can be seen that, by the order of magnitude, this value agrees well with 
the values of the critical magnetic field 
cH obtained in [25,32]. Recall that conventional theories 
of MRE underestimate the value of sateG  in ultra-soft ( eG in the absence of a magnetic field is 
roughly below 10 kPa) MAEs. This can be rectified by the presented theory. The saturation 
behavior of the magnetic-field-induced shear modulus occurs naturally in theoretical models 
considering interactions between magnetized inclusions (usually simplified as point dipoles, 
which is definitely not true if spherical particles are close to each other) [44] or where the field-
induced uniaxial magnetic anisotropy counteracts the shear deformation [45]. The reason is the 
saturation of particle magnetization with the increasing magnetic field [46]. The presented 
theoretical model does not exclude other possible mechanisms, which can take place 
simultaneously but become more or less significant at different levels of magnetization. 
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    Previously, it has been shown that the EMT with moveable percolation threshold is capable of 
describing the magnetic and magnetodielectric effects in MAEs qualitatively and quantitatively 
[25]. As far as the magnetic or magnetodielectric properties are concerned, they are determined 
by the mutual arrangement of inclusions in an MAE. It is irrelevant if there are magnetic forces 
or moments acting on the particles, although, of course, these forces and moments led to the 
variation of the microstructure. Moreover, during the magnetic or magnetodielectric 
measurements the shape of an MAE sample is fixed, the internal microstructure varies only due 
to a magnetic-field. 
In elastic measurements, an additional effect on the microstructure occurs because of external 
mechanical forces. During magnetorheological measurements, the specimen is mechanically 
deformed in order to probe the material rigidity. Obviously, such a mechanical loading tries to 
“tear off” the particle network and the magnetic interactions become important. A prominent 
example is the magnetic-field-enhanced Payne effect, which can be observed in MAEs [47,48].  
5. Conclusion and Outlook 
Hitherto, the concept of the field-dependent percolation threshold allowed one to describe the 
magnetodielectric effect and the non-monotonous field dependence of the magnetic permeability 
in MAEs [25]. The calculations in the present paper show that the same physical mechanism 
gives the previously unexplained order of magnitude for the giant or colossal MR effect. 
Therefore, it has to be taken into account when considering the MR effect in MAEs. This model 
predicts a significant change in a Poisson’s ratio of compliant MAEs in external magnetic fields. 
It is proposed to use the measurement of a Poisson’s ratio as a verification test for this theoretical 
model.  
Our model does not exclude alternative mechanisms, which may be present simultaneously 
and should also contribute to the field-stiffening or magnetorheological effects (by further 
enhancement). 
The application of an external constant magnetic field should induce anisotropy, which has to 
be taken into account in the calculation of effective elastic properties. For magnetic properties, 
the presence of the uniaxial anisotropy was proven experimentally in [35]. In the present model, 
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it is assumed that the anisotropy is small. We hypothesize that the anisotropy can be introduced 
into the effective medium approximation by assuming two different percolation thresholds in two 
directions, parallel and perpendicular to an applied magnetic field. 
The advantage of the proposed model is that it allows one to describe in a unified manner 
magnetic properties, magnetodielectric effect [25] and, henceforth, to explain the mechanism of 
the giant increase in elastic properties of MAEs. All physical properties should originate from 
one and the same arrangement of inclusions in a composite material. If a percolating structure 
comes into play in a composite material, its existence must be seen in several physical properties 
(cross-property relations).  An important next step should be theoretical explanation of the 
empirical rule (5) proposed in [32]. In particular, the relation of the critical magnetic field 
cH to 
the physical properties of a composite material and its constitutive components has to be 
established.   
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